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Abstract

In this letter, the real and imaginary flows for non-smooth dynamical systems are described, and the d-
layer of the separation boundary is introduced as well. The onset, existence and vanishing of the sink and
source flows in the d-layer are presented. The switching between the two semi-passable flows and the
switching between the sink and source flows are investigated through the singular gluing points. Finally, the
necessary and sufficient conditions for the onset, vanishing and switching are presented. These conditions
provide the criteria to determine the sliding motion on the separatrix, which can be very easily applied to
non-smooth dynamical systems.
r 2004 Elsevier Ltd. All rights reserved.
1. Introduction

In 2005, Luo [1] presented a local theory for non-smooth dynamical systems on the connectable
and accessible domains. In this letter, the onset, existence and disappearance of the sink and
source flows on the separatrix will be investigated, and the imaginary flows in non-smooth
dynamical systems will be introduced to obtain the appropriate criteria for the onset of the sink
and source flows. Before discussion, the accessible and inaccessible domains in phase space are
first introduced herein. The accessible domain is a domain on which a specific dynamical system
see front matter r 2004 Elsevier Ltd. All rights reserved.
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can be defined. However, the inaccessible domain is a domain on which no dynamical systems can
be defined. Consider a planar, dynamic system consisting of n sub-dynamic systems in a universal
domain O � R2: The universal domain is divided into n accessible sub-domains Oi; and the union
of all the accessible sub-domains

Sn
i¼1Oi and the universal domain O ¼

Sn
i¼1Oi [ X; as shown in

Fig. 1. X is the union of the inaccessible domains. For the connectable and accessible domain in
Fig.1, X ¼ f;g:

Definition 1. The Crþ1-continuous flow x
ðiÞ
i ðtÞ ¼ UðiÞðxðiÞi ðt0Þ; t;liÞ is a real flow in the ith open sub-

domain Oi; which is determined by a Cr-continuous system (rX1) on Oi in a form of

_xðiÞi 
 F
ðiÞðx

ðiÞ
i ; t; liÞ 2 R2; x

ðiÞ
i ¼ ðx

ðiÞ
i ; yðiÞi Þ

T
2 Oi; (1)

with the initial condition

x
ðiÞ
i ðt0Þ ¼ UðiÞðxðiÞi ðt0Þ; t0; liÞ: (2)

Notice that time is t and _xðiÞi ¼ dx
ðiÞ
i =dt: In the sub-domain Oi; the vector field FðiÞðx

ðiÞ
i ; t; liÞ 


F
ðiÞ
i ðtÞ with parameter vectors li ¼ ðmi1;mi2; . . . ;minÞ

T
2 Rn is Cr-continuous ðrX1Þ in x and for all

time t: UðiÞðxðiÞi ðtÞ; t0; liÞ 
 UðiÞi ðtÞ: x
ðiÞ
i ðtÞ denotes the flow in the ith sub-domain Oi; governed by a

dynamical system defined on the ith sub-domain Oi: In Ref. [1], the theory for non-smooth
dynamical systems in Eq. (1) was developed from the following conditions:
A1:
 The switching between two adjacent sub-systems possesses time-continuity.

A2:
 For an unbounded, accessible sub-domain Oi; the corresponding vector field and its flow are

bounded, i.e.,

kF
ðiÞ
i kpK1ðconstÞ on Oi; and kUðiÞi kpK2ðconstÞ for t 2 ½0;1Þ (3)
x

y
Ω

S ⊂ R
1

Sij ⊂ R
1

Ωj

Ωi

Fig. 1. A connectable, accessible domain in phase plane.
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A3:
 For a bounded, accessible domain Oi; the corresponding vector field is bounded, but the flow
may be unbounded, i.e.,

kF
ðiÞ
i kpK1ðconstÞ on Oi; and kUðiÞi ko1 for t 2 ½0;1Þ: (4)
Consider a boundary set of any two accessible sub-domains, formed by the intersection of the
closed sub-domains, i.e., qOij ¼ Ōi \ Ōj ði; j 2 f1; 2; . . . ; ng; jaiÞ; as shown in Fig. 2.

Definition 2. The boundary set in the 2-D phase space is defined as

Sij 
 qOij ¼ fðx; yÞj8ðx; yÞ 2 Ōi \ Ōj � R1 satisfying Hijðx; yÞ ¼ 0g: (5)

In non-smooth dynamical systems, the normal vector of the boundary qOij is very important for
investigating the local dynamics in the vicinity of the boundary. Therefore, from Eq. (5), we have

nqOij
¼ rHij ¼

qHij

qx
;
qHij

qy

� �T

ðxm;ymÞ

: (6)

To describe the dynamical characteristics of flows near the separation boundary in non-smooth
dynamical systems, the d-layer of the boundary qOij is introduced that is the neighborhood of qOij

in phase plane, as shown in Fig. 3. Similarly, the d-sub-layers in the neighborhood of qOij are
described. The d-sub-layer dOaða 2 fi; jgÞ are expressed by the shaded areas in Fig. 3. The
following mathematical description of the d-layer of the boundary qOij is given.

Definition 3. The d-layer of the boundary qOij are defined as

dOij 
 dOi [ dOj [ qOij ; (7)
x

y

∂Ωij = Ωi

⊂

Ωi

Ωj

Ωi

Fig. 2. Sub-domains Oi and Oj ; the corresponding boundary qOij :
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Fig. 3. The d-sub-layers of boundary qOij :
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with the d-sub-layer in Oa a 2 fi; jg defined as

dOa ¼ fx 2 Oaj8da40; kx� xð0Þkoda;xð0Þ 2 qOijg: (8)

For forming a separation boundary, besides for the semi- and non-passable boundaries, the
gluing point connecting two portions of separatrix on the boundary is very important, and on the
new boundary the flows possess two different vector characteristics. As in Ref. [1], the gluing
points are defined as follows.

Definition 4. A countable point set on the boundary qOij ;

Gij ¼ x
ð0Þ
ðkÞ 2 qOijjx

ðaÞ
a 2 Oa; lim

x
ðaÞ
a !x

ð0Þ

ðkÞ

ðnT
qOij
� _xðaÞa Þ ¼ 0; a 2 fi; jg; k 2 N

( )
; (9)

is termed the gluing point set, and N is the natural number set.

Definition 5. A countable point set on the boundary qOij ;

GðaÞij ¼ x
ð0Þ
ðkÞ 2 qOijjx

ðaÞ
a 2 Oa; lim

x
ðaÞ
a !x

ð0Þ

ðkÞ

ðnT
qOij
� _xðaÞa Þ ¼ 0; a ¼ fi or jg; k 2 N

( )
� Gij ; (10)

is termed the input or output, semi-gluing, singular points sets on the boundary.
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The above definition GðaÞij indicates the switching of the flow direction at the singular point on
the side of Oa:

Definition 6. A countable point set on the boundary qOij ;

Gð0Þij ¼ x
ð0Þ
k 2 qOijjx

ðaÞ
a 2 Oa; lim

x
ðaÞ
a !x

ð0Þ

k

ðnT
qOij
� _xðaÞa Þ ¼ 0; a ¼ fi and jg; k 2 N

( )
� Gij; (11)

is termed the full-gluing, singular point set.

The foregoing definition Gð0Þij indicates the switching of the flow direction at the singular point
on both sides of Oa: The gluing point set is Gij ¼ GðiÞij [ G

ðjÞ
ij [ G

ð0Þ
ij : The gluing points connecting the

semi- and non-passable boundaries will form a new separation boundary. The definitions and
theorems for semi- and non-passable boundaries were presented in Ref. [1], which are used in the
further discussion. Therefore, they are briefly stated as follows.

Definition 7. For a discontinuous dynamical system in Eq. (1), xðtmÞ 
 xm 2 qOij at tm:
8 �40; 9 ½tm��; tmÞ and ðtm; tmþ��; suppose x

ðiÞ
i ðtm�Þ ¼ xm ¼ x

ðjÞ
j ðtmþÞ: The non-empty boundary

set qOij to a flow xðaÞa ðtÞ (a 2 fi; jg) is semi-passable from the domain Oi to Oj (expressed by qO
�!

ij) if
the flow xðaÞa ðtÞ possesses the following properties:

either
nT
qOij
� ½x
ðiÞ
i ðtm�Þ � x

ðiÞ
i ðtm��Þ�40 and

nT
qOij
� ½x
ðjÞ
j ðtmþ�Þ � x

ðjÞ
j ðtmþÞ�40

8<:
9=; for qOij convex to Oj;

or
nT
qOij
� ½x

ðiÞ
i ðtm�Þ � x

ðiÞ
i ðtm��Þ�o0 and

nT
qOij
� ½x

ðjÞ
j ðtmþ�Þ � x

ðjÞ
j ðtmþÞ�o0

8<:
9=; for qOij convex to Oi:

(12)

Theorem 1. For a discontinuous dynamical system in Eq. (1), xðtmÞ 
 xm 2 qOij for tm:

8�40; 9 ½tm��; tmÞ and ðtm; tmþ��; suppose x
ðiÞ
i ðtm�Þ ¼ xm ¼ x

ðjÞ
j ðtmþÞ and, both x

ðiÞ
i ðtÞ and x

ðjÞ
j ðtÞ are

Cr
½tm��;tmÞ

and Cr
ðtm;tmþ��

-continuous ðrX2Þ for time t, respectively, and kdrxðaÞa =dtrko1ða 2 fi; jgÞ: The

non-empty boundary set qOij is semi-passable from the domain Oi to Oj if

either nT
qOij
� _xðiÞi ðtm�Þ40 and nT

qOij
� _xðjÞj ðtmþÞ40 for qOij convex to Oj;

or nT
qOij
� _xðiÞi ðtm�Þo0 and nT

qOij
� _xðjÞj ðtmþÞo0 for qOij convex to Oi: ð13Þ

Theorem 2. For a discontinuous dynamical system in Eq. (1), xðtmÞ 
 xm 2 qOij for tm:
8 �40; 9 ½tm��; tmÞ and ðtm; tmþ��; suppose x

ðiÞ
i ðtm�Þ ¼ xm ¼ x

ðjÞ
j ðtmþÞ and, both F

ðiÞ
i ðtÞ and F

ðjÞ
j ðtÞ

are Cr
½tm��;tmÞ

and Cr
ðtm;tmþ��

-continuous ðrX1Þ for time t; respectively and kdrþ1xðaÞa =dtrþ1ko1ða 2
fi; jgÞ: The non-empty boundary set qOij is semi-passable from the domain Oi to Oj iff

either nT
qOij
� F
ðiÞ
i ðtm�Þ40 and nT

qOij
� F
ðjÞ
j ðtmþÞ40 for qOij convex to Oj;

or nT
qOij
� F
ðiÞ
i ðtm�Þo0 and nT

qOij
� F
ðjÞ
j ðtmþÞo0 for qOij convex to Oi; ð14Þ

where F
ðiÞ
i ðtm�Þ ¼ F

ðiÞðx
ðiÞ
i ; tm�; liÞ and F

ðjÞ
j ðtmþÞ ¼ F

ðjÞðx
ðjÞ
j ; tmþ;ljÞ:
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Definition 8. For a discontinuous dynamical system in Eq. (1), xðtmÞ 
 xm 2 qOij for tm:
8�40; 9 ½tm��; tmÞ; suppose xðaÞa ðtm�Þ ¼ xm for a 2 fi; jg; so that the non-empty boundary set qOij is
the non-passable boundary of the first kind, fqOij (or termed a sink boundary between the sub-
domains Oi and Oj) if the flows xðgÞg ðtÞ for (g 2 fa;bg 2 fi; jg and aab) in the neighborhood of the
boundary qOij possess the following properties:

fnT
qOij
� ½xðaÞa ðtm�Þ � x

ðaÞ
a ðtm��Þ�g � fn

T
qOij
� ½x

ðbÞ
b ðtm�Þ � x

ðbÞ
b ðtm��Þ�go0: (15)

Definition 9. For a discontinuous dynamical system in Eq. (1), xðtmÞ 
 xm 2 qOij for tm:
8�40; 9 ðtm; tmþ��; suppose xðaÞa ðtmþÞ ¼ xm for a 2 fi; jg; so that the non-empty boundary set qOij is
the non-passable boundary of the second kind cqOij (or termed a source boundary between the
sub-domains Oi and Oj) if the flows xðgÞg ðtÞ for (g 2 fa;bg 2 fi; jg and aab) in the neighborhood of
the boundary qOij possess the following properties:

fnT
qOij
� ½xðaÞa ðtmþ�Þ � x

ðaÞ
a ðtmþÞ�g � fn

T
qOij
� ½x

ðbÞ
b ðtmþ�Þ � x

ðbÞ
b ðtmþÞ�go0: (16)

Theorem 3. For a discontinuous dynamical system in Eq. (1), xðtmÞ 
 xm 2 qOij for tm:
8�40; 9 ½tm��; tmÞ; suppose xðaÞa ðtm�Þ ¼ xm (a 2 fi; jg) and, xðaÞa is Cr

½tm��;tmÞ
-continuous (rX2) for

time t and kdrxðaÞa =dtrko1: The non-empty boundary set qOij is a non-passable boundary of the first
kind if

½nT
qOij
� _xðaÞa ðtm�Þ� � ½n

T
qOij
� _xðbÞb ðtm�Þ�o0 (17)

for fa;bg 2 fi; jgðaabÞ:

Theorem 4. For a discontinuous dynamical system in Eq. (1), xðtmÞ 
 xm 2 qOij for tm:
8�40; 9 ½tm��; tmÞ; suppose xðaÞa ðtm�Þ ¼ xm (a 2 fi; jg) and, FðaÞa ðtÞ are Cr

½tm��;tmÞ
-continuous (rX1)

and kdrþ1xðaÞa =dtrþ1ko1: The non-empty boundary set qOij is a non-passable boundary of the first
kind if for b 2 fi; jg (aab),

½nT
qOij
� FðaÞa ðtm�Þ� � ½n

T
qOij
� F
ðbÞ
b ðtm�Þ�o0; (18)

where FðaÞa ðtm�Þ9FðaÞðxðaÞa ; tm�; laÞ and F
ðbÞ
b ðtm�Þ9FðbÞðx

ðbÞ
b ; tm�; lbÞ:

Theorem 5. For a discontinuous dynamical system in Eq. (1), xðtmÞ 
 xm 2 qOij for tm:
8�40; 9 ðtm; tmþ��; suppose xðaÞa ðtmþÞ ¼ xm (a 2 fi; jg) and xðaÞa is Cr

ðtm;tmþ��
-continuous (rX2) for time

t and kdrxðaÞa =dtrko1: The non-empty boundary set qOij is a non-passable boundary of the second
kind if

½nT
qOij
� _xðaÞa ðtmþÞ� � ½n

T
qOij
� _xðbÞb ðtmþÞ�o0 (19)

for b 2 fi; jg (aab).

Theorem 6. For a discontinuous dynamical system in Eq. (1), xðtmÞ 
 xm 2 qOij for tm:
8�40; 9 ðtm; tmþ��; suppose xðaÞðtmþÞ ¼ xm (a 2 fi; jg) and FðaÞa ðtÞ are Cr

½tm��;tmÞ
-continuous ðrX1Þ

and kdrþ1xðaÞa =dtrþ1ko1: The non-empty boundary set qOij is a non-passable boundary of the second
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kind if for b 2 fi; jg (aab),

½nT
qOij
� FðaÞa ðtmþÞ� � ½n

T
qOij
� F
ðbÞ
b ðtmþÞ�o0; (20)

where FðaÞa ðtmþÞ9FðaÞa ðx; tmþ;maÞ and F
ðbÞ
b ðtmþÞ9FðbÞðx; tmþ; lbÞ:
2. Main results

The above definitions and theorems of semi- and non-passable boundaries are based on the
real flows of the non-smooth dynamical system in Eq. (1). The real flow x

ðiÞ
i ðtÞ in Oi is governed

by a dynamical system on its own domain. However, another flow x
ðjÞ
i in Oi is governed by a

dynamical system defined on the jth sub-domain Oj; which is of great interest in this letter.
This kind of flow is called the imaginary flow because the flow is not determined by the
dynamical system on its own domain. To further understand the dynamical behavior of
the non-smooth dynamical system, it is necessary to introduce the imaginary flows. Consider
the jth imaginary flow in the ith-domain Oi is a flow in Oi governed by the dynamical system
defined on the jth-sub-domain Oj: The flow is not a real one governed by the non-smooth
dynamical system, thus this flow is termed the imaginary flow in this sense. In additions, the two
sub-domains can be either adjacent or separable. The mathematical definition of imaginary flows
is as follows.

Definition 10. The Crþ1 (rX1)-continuous flow x
ðjÞ
i ðtÞ is termed the jth-imaginary flow in the ith

open sub-domain Oi if the flow x
ðjÞ
i ðtÞ is determined by application of a Cr-continuous system,

defined on the jth open sub-domain Oj; to the ith open sub-domain Oi; i.e.,

_xðjÞi 
 F
ðjÞðx

ðjÞ
i ; t;ljÞ 2 R2; x

ðjÞ
i ¼ ðx

ðjÞ
i ; yðjÞi Þ

T
2 Oi; (21)

with the initial conditions

x
ðjÞ
i ðt0Þ ¼ UðjÞðxðjÞi ðt0Þ; t0; ljÞ: (22)

To demonstrate the above concept, the real and imaginary flows in two adjacent sub-domains
are illustrated in Fig. 4 for the semi-passable boundary, the sink boundary and the
source boundary. The boundary point xm is at time tm; and xðaÞa ðtmÞ ¼ xm ¼ x

ðbÞ
a ðtmÞ for

fa;bg ¼ fi; jg and aab: The real flows xðaÞa ðtÞ are represented by solid curves. The imaginary
flows xðbÞa ðtÞ in the domain Oa are depicted by dashed curves. xðaÞa ðtm��Þ and xðbÞa ðtm��Þ in the
d-layer are the values of the real and imaginary flows at tm�� ¼ tm � � for an arbitrary �40:
As �! 0; fxðaÞa ðtm��Þ;xðbÞa ðtm��Þg ! xm: From the foregoing definition, the flow xðaÞa ðtÞ [ x

ðbÞ
a ðtÞ

gives a continuous flow in the two sub-domains Oi and Oj plus the boundary qOij :
Therefore, Definitions 7–9 for the real flows near the semi-passable, sink and source boundaries
are applicable to the imaginary flows. Similarly, Theorems 1–6 are applicable to the imaginary
flows.

Theorem 7. For a discontinuous dynamical system in Eq. (1), xðtmÞ 
 xm 2 qOij for tm:
8�40; 9 ½tm��; tmÞ and ðtm; tmþ�� in the d-layer of qOij: Suppose fxðaÞa ðtm�Þ;x

ðbÞ
b ðtmþÞg ¼ xm and
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Ωi Ωi
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Ωj

Ωj
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xm
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n

xi
(j)(tm−�)

xi
(j)(tm+�)

xi
(j)(tm+�)

xi
(j)(tm−�)

xi
(j)(tm+�)

xi
(j)(tm−�)

xi
(j)(tm+�)

xj
(i)(tm+�) xj

(i)(tm+�)

xj
(i)(tm−�)

xj
(i)(tm−�)

xi
(i)(tm−�)

∂Ωij

n∂Ωy

n∂Ωij

∂Ωij

∂Ωij

t∂Ωij t∂Ωij

t∂Ωij

→

~

∂Ωij

(a) (b)

(c)

Fig. 4. Real and imaginary flows near: (a) the semi-passable boundary, (b) the sink boundary and (c) the source

boundary. The boundary point xm is at time tm: The real flows xðaÞa ðtÞ for a ¼ fi; jg are represented by the solid curves.

The imaginary flows xðbÞa ðtÞ in the domain Oa for b ¼ fi; jg and aab are depicted by the dashed curves. Two vectors

nqOij
and tqOij

are the normal and tangential vectors of the boundary curve qOij determined by Hijðx; yÞ ¼ 0: xðaÞa ðtm��Þ

and xðbÞa ðtm��Þ are the values of the real and imaginary flows at tm�� ¼ tm � � for an arbitrary �40:

A.C.J. Luo / Journal of Sound and Vibration 285 (2005) 443–456450
fxðbÞa ðtm�Þ; x
ðaÞ
b ðtmþÞg ¼ xm (fa; bg 2 fi; jg and aab) hold, the real and imaginary flows fxðaÞa ðtÞ; x

ðbÞ
a ðtÞg

and fx
ðaÞ
b ðtÞ;x

ðbÞ
b ðtÞg are Cr

½tm��;tmÞ
and Cr

ðtm;tmþ��
-continuous ðrX2Þ for time t, respectively.

fkdrxðaÞa =dtrk; kdrxðbÞa =dtrkgo1: The boundary set qO
�!

ab to the real and imaginary flows is semi-

passable iff

½nT
qOij
� _xðaÞa ðtm�Þ� � ½n

T
qOij
� _xðbÞa ðtm�Þ�40;

½nT
qOij
� _xðaÞb ðtmþÞ� � ½n

T
qOij
� _xðbÞa ðtmþÞ�40: ð23Þ
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Proof. Consider all points xðtmÞ 
 xm 2 qO
�!

ab in the d-layer, and application of Theorem 1 to the
real and imaginary flows gives the necessary and sufficient conditions as

either nT
qOab
� _xðaÞa ðtm�Þ40 and nT

qOab
� _xðbÞb ðtmþÞ40 for qOab convex to Ob;

or nT
qOab
� _xðaÞa ðtm�Þo0 and nT

qOab
� _xðbÞb ðtmþÞo0 for qOab convex to Oa:

and

either nT
qOab
� _xðbÞa ðtm�Þ40 and nT

qOab
� _xðaÞb ðtmþÞ40 for qOab convex to Ob;

or nT
qOab
� _xðbÞa ðtm�Þo0 and nT

qOab
� _xðaÞb ðtmþÞo0 for qOab convex to Oa:

Therefore, no matter how qOab is convex to either Oa or Ob; the real flows require

½nT
qOij
� _xðaÞa ðtm�Þ� � ½n

T
qOij
� _xðbÞb ðtmþÞ�40

and the imaginary flows require

½nT
qOij
� _xðaÞb ðtmþÞ� � ½n

T
qOij
� _xðbÞa ðtm�Þ�40

Because the real and imaginary flows fx
ðiÞ
i ðtÞ;x

ðiÞ
j ðtÞg and fx

ðjÞ
i ðtÞ; x

ðjÞ
j ðtÞg; respectively, are Cr

½tm��;tmþ��
-

continuous (rX2) for time t; the following relations at t ¼ tm� hold:

dsxðaÞa
dts

����
t¼tm�

¼
dsx
ðaÞ
b

dts

�����
t¼tmþ

and
dsxðbÞa

dts

����
t¼tm�

¼
dsx
ðbÞ
b

dts

�����
t¼tmþ

for s 2 f0; 1; . . . ; rg and fa; bg 2 fi; jg with aab: From the foregoing equation, the following
equations hold:

½nT
qOij
� _xðaÞa ðtm�Þ� � ½n

T
qOij
� _xðbÞa ðtm�Þ�40;

½nT
qOij
� _xðaÞb ðtmþÞ� � ½n

T
qOij
� _xðbÞb ðtmþÞ�40

which implies that the boundary set qO
�!

ab to the real and imaginary flows is semi-passable and
vice versa. This theorem is proved. &

Theorem 8. For a discontinuous dynamical system in Eq. (1), xðtmÞ 
 xm 2 qOij for tm:
8�40; 9 ½tm��; tmÞ and ðtm; tmþ�� in the d-layer of qOij: Suppose fxðaÞa ðtm�Þ;x

ðbÞ
b ðtmþÞg ¼ xm and

fxðbÞa ðtm�Þ; x
ðaÞ
b ðtmþÞg ¼ xm (fa; bg 2 fi; jg and aab) hold, the vector fields fFðaÞa ðtÞ;F

ðaÞ
b ðtÞg and

fFðbÞa ðtÞ;F
ðbÞ
b ðtÞg are Cr

½tm��;tmÞ
and Cr

ðtm;tmþ��
-continuous (rX1) for time t, respectively.

fkdrþ1xðaÞa =dtrk; kdrþ1xðbÞa =dtrþ1kgo1: The boundary set qO
�!

ab to the real and imaginary flows is
semi-passable if

½nT
qOij
� FðaÞa ðtm�Þ� � ½n

T
qOij
� FðbÞa ðtm�Þ�40;

½nT
qOij
� F
ðaÞ
b ðtmþÞ� � ½n

T
qOij
� F
ðbÞ
b ðtmþÞ�40: ð24Þ

Proof. Application of Definitions 1 and 9 to Theorem 8 generated Eq. (24). This theorem is
proved. &
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Lemma 1. For a discontinuous system in Eq. (1), a point xð0Þ 2 qOij is (i) a gluing point xð0Þ 2 Gij 
S
aG
ðaÞ
ij

S
Gð0Þij for a ¼ fi; jg; or (ii) a semi-gluing point xð0Þ 2 GðaÞij for a ¼ fi or jg or (iii) a full-gluing

point xð0Þ 2 Gð0Þij for a ¼ fi and jg if in the d-layer of qOij;

lim
x
ðaÞ
a ðtm�Þ!x

ð0Þ

ðkÞ

ðnT
qOij
� FðaÞa ðtm�ÞÞ ¼ 0; lim

x
ðaÞ
a ðtm�Þ!x

ð0Þ

ðkÞ

ðnT
qOij
� FðbÞa ðtm�ÞÞ ¼ 0: (25)

Proof. Application of Definitions 1 and 10 to Definition 3–5 yields Eq. (25). This lemma is
proved. &

In Ref. [1], the formation of discontinuous boundaries was discussed. However, the necessary
and sufficient conditions for four basic formations of boundaries in planar, non-smooth,
dynamical systems need to be developed. From the definitions of the semi-, non-passable
boundaries and gluing points, the following theorems are presented for such necessary and
sufficient conditions.

Theorem 9. For a discontinuous dynamical system in Eq. (1), xðtmÞ 
 xm 2 qOij for tm:
8�40; 9 ½tm��; tmÞ and ðtm; tmþ�� in the d-layer of qOij : Suppose fx

ðiÞ
i ðtm�Þ; x

ðjÞ
j ðtmþÞg ¼ xm and

fx
ðjÞ
i ðtm�Þ;x

ðiÞ
j ðtmþÞg ¼ xm hold, the flows fx

ðiÞ
i ðtÞ;x

ðjÞ
i ðtÞg and fx

ðiÞ
j ðtÞ; x

ðjÞ
j ðtÞg are Cr

½tm��;tmÞ
and Cr

ðtm;tmþ��
-

continuous (rX2) for time t, respectively. kdrxðaÞa =dtrko1 (a 2 fi; jg) and m 2 fp; q; ng:

(1) A passable boundary ðqOij ¼ qO
�!

ij [ Gij [ qO
 �

ij) exists if

½nT
qOij
� _xðiÞi ðtl�Þ� � ½n

T
qOij
� _xðjÞi ðtl�Þ�40;

½nT
qOij
� _xðiÞj ðtl�Þ� � ½n

T
qOij
� _xðjÞj ðtl�Þ�40;

½nT
qOij
� _xðiÞi ðtn�Þ� � ½n

T
qOij
� _xðjÞj ðtn�Þ� ¼ 0 ð26Þ

for xn 2 Gij ; xp 2 qO
�!

ij and xq 2 qO
 �

ij and l 2 fp; qgan:
(2) A non-passable boundary ðqOij ¼

fqOij [ Gij [
cqOij) exists if

½nT
qOij
� _xðiÞi ðtp�Þ� � ½n

T
qOij
� _xðjÞj ðtp�Þ�o0;

½nT
qOij
� _xðiÞi ðtqþÞ� � ½n

T
qOij
� _xðjÞj ðtqþÞ�o0;

½nT
qOij
� _xðiÞi ðtn�Þ� � ½n

T
qOij
� _xðjÞj ðtn�Þ� ¼ 0 ð27Þ

for xn 2 Gij ; xp 2
fqOij and xq 2

cqOij :
(3) A mixed boundary of the first kind ðqOij ¼ qO

�!
ab [ Gij [

fqOij) exists if

½nT
qOij
� _xðaÞa ðtp�Þ� � ½n

T
qOij
� _xðbÞa ðtp�Þ�40;

½nT
qOij
� _xðiÞi ðtq�Þ� � ½n

T
qOij
� _xðjÞj ðtq�Þ�o0;

½nT
qOij
� _xðiÞi ðtn�Þ� � ½n

T
qOij
� _xðjÞj ðtn�Þ� ¼ 0 ð28Þ

for xn 2 Gij ; xp 2 qO
�!

ab and xq 2
fqOij:
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(4) A mixed boundary of the second kind qOij ¼ qO
�!

ab [ Gij [
cqOij if

½nT
qOij
� _xðaÞb ðtpþÞ� � ½n

T
qOij
� _xðbÞb ðtpþÞ�40;

½nT
qOij
� _xðiÞi ðtqþÞ� � ½n

T
qOij
� _xðjÞj ðtqþÞ�o0;

½nT
qOij
� _xðiÞi ðtnþÞ� � ½n

T
qOij
� _xðjÞj ðtnþÞ� ¼ 0 ð29Þ

for xn 2 Gij ; xp 2 qO
�!

ab and xq 2
cqOij:

Proof. Using Theorem 7 and Lemma 1, this theorem is directly proved. &

Theorem 10. For a discontinuous dynamical system in Eq. (1), xðtmÞ 
 xm 2 qOij for tm:
8�40; 9 ½tm��; tmÞ and ðtm; tmþ�� in the d-layer of qOij: Suppose fx

ðiÞ
i ðtm�Þ; x

ðjÞ
j ðtmþÞg ¼ xm holds,

the vector fields F
ðiÞ
i ðtÞ and F

ðjÞ
j ðtÞ are Cr

½tm��;tmÞ
and Cr

ðtm;tmþ��
-continuous (rX1) for time t, respectively.

kdrþ1xðaÞa =dtrþ1ko1 (a 2 fi; jg) and m 2 fp; q; ng:

(1) A passable boundary ðqOij ¼ qO
�!

ij [ Gij [ qO
 �

ij) exists if

½nT
qOij
� F
ðiÞ
i ðtl�Þ� � ½n

T
qOij
� F
ðjÞ
i ðtl�Þ�40;

½nT
qOij
� F
ðiÞ
j ðtl�Þ� � ½n

T
qOij
� F
ðjÞ
j ðtl�Þ�40;

½nT
qOij
� F
ðiÞ
i ðtn�Þ� � ½n

T
qOij
� F
ðjÞ
j ðtn�Þ� ¼ 0 ð30Þ

for xn 2 Gij ; xp 2 qO
�!

ij and xq 2 qO
 �

ij and l 2 fp; qgan:
(2) A non-passable boundary (qOij ¼

fqOij [ Gij [
cqOij) exists if

½nT
qOij
� F
ðiÞ
i ðtp�Þ� � ½n

T
qOij
� F
ðjÞ
j ðtp�Þ�o0;

½nT
qOij
� F
ðiÞ
i ðtqþÞ� � ½n

T
qOij
� F
ðjÞ
j ðtqþÞ�o0;

½nT
qOij
� F
ðiÞ
i ðtn�Þ� � ½n

T
qOij
� F
ðjÞ
j ðtn�Þ� ¼ 0 ð31Þ

for xn 2 Gij ; xp 2
fqOij and xq 2

cqOij :
(3) A mixed boundary of the first kind (qOij ¼ qO

�!
ab [ Gij [

fqOij) exists if

½nT
qOij
� FðaÞa ðtp�Þ� � ½n

T
qOij
� FðbÞa ðtp�Þ�40;

½nT
qOij
� F
ðiÞ
i ðtq�Þ� � ½n

T
qOij
� F
ðjÞ
j ðtq�Þ�o0;

½nT
qOij
� F
ðiÞ
i ðtn�Þ� � ½n

T
qOij
� F
ðjÞ
j ðtn�Þ� ¼ 0 ð32Þ

for xn 2 Gij ; xp 2 qO
�!

ab and xq 2
fqOij:

(4) A mixed boundary of the second kind qOij ¼ qO
�!

ab [ Gij [
cqOij if

½nT
qOij
� F
ðaÞ
b ðtpþÞ� � ½n

T
qOij
� F
ðbÞ
b ðtpþÞ�40;

½nT
qOij
� F
ðiÞ
i ðtqþÞ� � ½n

T
qOij
� F
ðjÞ
j ðtqþÞ�o0;

½nT
qOij
� F
ðiÞ
i ðtnþÞ� � ½n

T
qOij
� F
ðjÞ
j ðtnþÞ� ¼ 0 ð33Þ

for xn 2 Gij ; xp 2 qO
�!

ab and xq 2
cqOij:
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Proof. Application Definition 1 to Theorem 9 yields Eqs. (31)–(34), this theorem is proved. &

Using the definitions and theorems of the semi-passable, sink and source boundaries, the flow
characteristics in the vicinity of the mixed boundary can be defined and the corresponding
theorem can be developed. Based on this definition, the local nature of the flow near the mixed
boundary can be analyzed through investigating the vector fields of the real and imaginary flows.
The flow switching between the semi-passable flows or between non-passable flows are defined,
and the onset, existence and disappearance of the sink and source flows can be obtained. The flow
switching is described in the following definition.

Definition 11. For a discontinuous dynamical system in Eq. (1), xðtmÞ 
 xm 2 qOij for tm:
8�40; 9 ½tm��; tmÞ and ðtm; tmþ�� in the d-layer of qOij: Suppose fx

ðiÞ
i ðtm�Þ;x

ðjÞ
j ðtmþÞg ¼ xm holds, the

flows x
ðiÞ
i ðtÞ and x

ðjÞ
j ðtÞ are Cr

½tm��;tmÞ
and Cr

ðtm;tmþ��
-continuous (rX2) for time t; respectively.

kdrxðaÞa =dtrko1 (a 2 fi; jg) and m 2 fp; q; ng:
(1) Two different semi-passable flows in the d-layer of qOij ¼ qO

�!
ij [ Gij [ qO

 �
ij are switched on

the boundary if

nT
qOij
� _xðiÞi ðtn�Þ ¼ 0; nT

qOij
� _xðjÞj ðtn�Þ ¼ 0;

½nT
qOij
� _xðiÞi ðtp�Þ� � ½n

T
qOij
� _xðiÞi ðtqþÞ�o0;

½nT
qOij
� _xðjÞj ðtpþÞ� � ½n

T
qOij
� _xðjÞj ðtq�Þ�o0 ð34Þ

for xn 2 Gij ; xp 2 qO
�!

ij and xq 2 qO
 �

ij and l 2 fp; qgan:
(2) The source and sink flows in the d-layer of qOij ¼

fqOij [ Gij [
cqOij are switched on the

boundary if

½nT
qOij
� _xðiÞi ðtn�Þ� ¼ ½n

T
qOij
� _xðjÞj ðtn�Þ� ¼ 0;

½nT
qOij
� _xðiÞi ðtp�Þ� � ½n

T
qOij
� _xðiÞi ðtqþÞ�o0;

½nT
qOij
� _xðjÞj ðtp�Þ� � ½n

T
qOij
� _xðjÞj ðtqþÞ�o0 ð35Þ

for xn 2 Gij ; xp 2
fqOij and xq 2

cqOij :
(3) The sliding flow in the d-layer of qOij ¼ qO

�!
ab [ Gij [

fqOij appears or disappears if

nT
qOij
� _xðbÞb ðtn�Þ ¼ 0; nT

qOij
� _xðaÞa ðtn�Þa0;

½nT
qOij
� _xðaÞa ðtp�Þ� � ½n

T
qOij
� _xðaÞa ðtq�Þ�40;

½nT
qOij
� _xðbÞa ðtp�Þ� � ½n

T
qOij
� _xðbÞb ðtq�Þ�o0 ð36Þ

for xn 2 Gij ; xp 2 qO
�!

ab and xq 2
fqOij :

(4) The source flow in the d-layer of qOij ¼ qO
�!

ab [ Gij [
cqOij appears or disappears if

nT
qOij
� _xðaÞa ðtnþÞ ¼ 0; nT

qOij
� _xðbÞb ðtnþÞa0;

½nT
qOij
� _xðaÞb ðtpþÞ� � ½n

T
qOij
� _xðaÞa ðtqþÞ�o0;

½nT
qOij
� _xðbÞb ðtpþÞ� � ½n

T
qOij
� _xðbÞb ðtqþÞ�40 ð37Þ

for xn 2 Gij ; xp 2 qO
�!

ab and xq 2
cqOij :
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Fig. 5. The onset, existence and disappearance of the sliding flows in the d-sub-layer of boundary qOij ¼ qO
�!

ij [fqOij [ qO
�!

ij : The solid, and dash–dotted curves represent xðaÞa ðtÞ a 2 fi; jg for (t 2 ½tm��; tm�)) and ðt 2 ðtmþ; tmþ��)

accordingly. The dash curves represent xðbÞa ðtÞ aab 2 fi; jg: The dark and light curves represent the flows in Oi and Oj ;
respectively. The points xm and xn are the appearance and disappearance of the sliding motions. xp is all the points on

the sliding boundary.
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From the above definition, the onset, existence and disappearance of the sliding flows on the

boundary qOij ¼ qO
�!

ij [
fqOij [ qO

�!
ij in the d-sub-layer are intuitively illustrated in Fig. 5 through

the real and imaginary flows. The solid and dash–dotted curves are used for xðaÞa ðtÞ (a 2 fi; jg) for

(t 2 ½tm��; tm�Þ) and (t 2 ðtmþ; tmþ��) accordingly. The dash curves depict the imaginary flows xðbÞa ðtÞ

(aab 2 fi; jg) in the two domains. The dark and light curves represent the flows in Oi and Oj;
respectively. The points xm and xn are the appearance and disappearance of the sliding motions.

xp 2
fqOij is all the points on the sliding boundary. Similarly, the onset, existence and

disappearance of the source flows of the boundary qOijcan be described. The switching between

the two semi-passable boundaries and between the source and sink boundaries can be illustrated.

Theorem 11. For a discontinuous dynamical system in Eq. (1), xðtmÞ 
 xm 2 qOij for tm:
8�40; 9 ½tm��; tmÞ and ðtm; tmþ�� in the d-layer of qOij: Suppose fx

ðiÞ
i ðtm�Þ; x

ðjÞ
j ðtmþÞg ¼ xm holds,

the vector fields F
ðiÞ
i ðtÞ and F

ðjÞ
j ðtÞ are Cr

½tm��;tmÞ
and Cr

ðtm;tmþ��
-continuous (rX1Þ for time t, respectively.

kdrþ1xðaÞa =dtrþ1ko1 (a 2 fi; jg) and m 2 fp; q; ng:

(1) The switching conditions on qOij ¼ qO
�!

ij [ Gij [ qO
 �

ij for passable flows in the d-layer of qOij are

nT
qOij
� F
ðiÞ
i ðtn�Þ ¼ 0; nT

qOij
� F
ðjÞ
j ðtn�Þ ¼ 0;

½nT
qOij
� F
ðiÞ
i ðtp�Þ� � ½n

T
qOij
� F
ðiÞ
i ðtqþÞ�o0;

½nT
qOij
� F
ðjÞ
j ðtpþÞ� � ½n

T
qOij
� F
ðjÞ
j ðtq�Þ�o0 ð38Þ

for xn 2 Gij; xp 2 qO
�!

ij and xq 2 qO
 �

ij and l 2 fp; qgan:
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(2) The switching conditions on qOij ¼
fqOij [ Gij [

cqOij for source and sink motions in the d-layer

of qOij are

½nT
qOij
� F
ðiÞ
i ðtn�Þ� ¼ ½n

T
qOij
� F
ðjÞ
j ðtn�Þ� ¼ 0;

½nT
qOij
� F
ðiÞ
i ðtp�Þ� � ½n

T
qOij
� F
ðiÞ
i ðtqþÞ�o0;

½nT
qOij
� F
ðjÞ
j ðtp�Þ� � ½n

T
qOij
� F
ðjÞ
j ðtqþÞ�o0 ð39Þ

for xn 2 Gij ; xp 2
fqOij and xq 2

cqOij :
(3) The onset and disappearance conditions on qOij ¼ qO

�!
ab [ Gij [

fqOij for the sliding motion in

the d-layer of qOij are

nT
qOij
� F
ðbÞ
b ðtn�Þ ¼ 0; nT

qOij
� FðaÞa ðtn�Þa0;

½nT
qOij
� FðaÞa ðtp�Þ� � ½n

T
qOij
� FðaÞa ðtq�Þ�40;

½nT
qOij
� FðbÞa ðtp�Þ� � ½n

T
qOij
� F
ðbÞ
b ðtq�Þ�o0 ð40Þ

for xn 2 Gij ; xp 2 qO
�!

ab and xq 2
fqOij :

(4) The onset and disappearance conditions on qOij ¼ qO
�!

ab [ Gij [
cqOij for source motion in the

d-layer of qOij are

nT
qOij
� FðaÞa ðtnþÞ ¼ 0; nT

qOij
� F
ðbÞ
b ðtnþÞa0;

½nT
qOij
� F
ðaÞ
b ðtpþÞ� � ½n

T
qOij
� FðaÞa ðtqþÞ�o0;

½nT
qOij
� F
ðbÞ
b ðtpþÞ� � ½n

T
qOij
� F
ðbÞ
b ðtqþÞ�40 ð41Þ

for xn 2 Gij ; xp 2 qO
�!

ab and xq 2
cqOij:

Proof. Using Definitions 1, 9 and 11, this theorem is proved directly. &
3. Conclusions

In this letter, the real and imaginary flows for non-smooth dynamical systems are introduced.
The theory for real flows in Ref. [1] can be applied to the imaginary flows. The d-layer of the
separation boundary is also introduced. The onset, existence and disappearance of the sink and
source flows in the d-layer are discussed, and the switching between the two semi-passable flows
and the switching between the sink and source flows are investigated as well. Finally, the necessary
and sufficient conditions for the onset, disappearance and switching are presented. These
conditions can be very easily applied to non-smooth dynamical systems in engineering, such as
friction-induced vibrations, control systems with periodical excitations.
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